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Introduction
Traditional drum type machines remain the basic equipment of large-tonnage processing of granular materials in many industries due to a number of operational and economic advantages.
However, the main drawback of such equipment is high specific energy costs. The majority of the energy spent in this way is dissipated in the processed material and the environment. Extremely low energy efficiency of drum machines is compounded by the workflow non-selectivity.
At the same time, a paradoxical feature of this equipment is the combination of an extremely simple design and extremely difficult-to-describe behavior of the treated medium.
The traditional workflow theory of drum machines is based on the concept of a separate idealized element of the granular fill of the rotating chamber, isolated from the medium [1] . It is assumed that the flow regime of the whole chamber fill is two-phase waterfall, only with a solid-state zone and a zone of throwing and falling in the chamber cross-section.
Meanwhile, the real flow regime of the fill is three-phase, when the quasi-solid-state zone and the non-free-fall zone in the cross-section of the rotating chamber are supplemented by the shear layer zone. In this zone, the main stages of processing granular materials are implemented.
However, the flow of the shear layer of the rotating chamber fill is characterized by high complexity, which greatly hampers the simulation of its parameters. The lack of a method for predicting the behavior of this layer significantly limits the efficiency of implementing the stages of processing granular materials in drum machines.
The implementation of the workflows of the drum type machines is due to the nature of the flow regime of the shear layer of the granular fill of the rotating chamber. Therefore, the problem of determining the patterns of changes in the velocity parameters of such a flow is rather relevant.
Literature review and problem statement
The flow regimes of the granular fill of the rotating cylindrical chamber significantly affect the process implementation and the energy capacity of the drives of drum machines [2] . Simulation of the fluid dynamics of such regimes is of interest in the study of various rotor systems [3] .
The application relevance of the problem of forecasting the workflows of such equipment is constantly drawing increased research attention to describing the behavior of the processed granular medium. The considerable complexity of such a problem makes it necessary to improve the traditional and apply new theoretical and experimental methods of research.
There have been several attempts of numerical solution of the problem of determining the parameters of gravitational flow of the shear layer of the granular fill of the cylindrical rotating chamber.
In [4] , simulation of the free surface and the velocity profile of the shear layer of the cohesive granular fill at a slow rotation of the chamber using the discrete element method has been performed. Based on this method, in [5] , the profiles of tangential velocities of the shear layer of the fill have been determined and the values have been compared with the experimental data of other authors. The velocity parameters of the shear layer have been described in [6] with the help of a numerical model of the kinetic flow theory of granular medium, taking into account frictional interaction and averaging principle.
However, the initial conditions of the problem under consideration are a priori uncertain, and boundary conditions have a non-physical nature. This causes essential limitation of the accuracy of numerical calculations, the results of which do not meet practical needs.
The flow of the shear layer of the granular fill of the rotating chamber has been repeatedly investigated also by various experimental methods.
To determine the geometric and velocity characteristics of the flow, the method of visual analysis of instantaneous flow patterns of the fill in the chamber cross-section has been used.
Thus, the thickness of the shear layer has been measured in [7] , and generalization of the results has been made on the basis of a simplified similarity model. Similar studies have been performed in [8] for dry and wet half granular fill of the chamber. In [9] , the thickness and the velocity profile of the layer for different rotation velocities and chamber diameters, as well as the relative size of the fill element have been measured. The velocity profile of the layer at a low filling of the chamber has been determined using the visual analysis in [10] . Based on the analysis of flow patterns, the velocity profile of the layer has been measured in [11] and the results have been generalized based on a simplified rheological model.
The method of analysis of averaged and dynamic patterns of the steady flow of the chamber fill has been also used.
In [12] , the thickness and the velocity profile of the shear layer of the half-fill have been determined by visual analysis of images of line flow trajectories of particles in the chamber cross-section. The velocity characteristics of the layer, under the variation of the chamber filling degree, the Froude number and the particle size, have been obtained in [13] when analyzing the video images of the medium flow. In [14] , the velocity profile and the thickness of the shear layer of the fill with elongated spheroidal particles have been investigated by means of high-speed video recording.
The limited possibilities of imaging have led to the extensive involvement of the methods of tomographic analysis of the behavior of the granular fill of the rotating chamber recently.
The application of magnetic resonance velocimetry to determine the velocity profile of the shear layer has been described in [15] . The radioactive particle tracking method has been used in [16] to study the dependence of the velocity profile of the layer on the polydispersity of the fill during slow rotation of the chamber. The effect of density and internal friction on the velocity profile of the wet granular fill layer has been studied in [17] by the particle velocity tracking method. Multiple radioactive particle tracking has been used in [18] to determine the velocity characteristics of the layer of cylindrical elements. In [19] , the geometric and velocity characteristics of the shear layer under cascade and cataract regimes of the fill flow, measured by the positron emission particle tracking technique, have been given. The influence of the shape of cylindrical particles on the velocity profile of the layer has been studied in [20] by means of multiple radioactive particle tracking. The dependences of velocities of the shear layer of particles on their roughness during slow rotation of the chamber have been investigated in [21] using the particle image velocimetry method.
At the same time, the technical complexity of instrumental control of the behavior of the granular fill of the rotating chamber, due to the limited resolution, reduces the reliability and accuracy of the results of experimental studies.
In view of the limited possibilities of numerical and experimental methods, a comparison of the application results in determining the velocity characteristics of the shear layer of the fill has been made.
In [22] , the results of studies of the velocity field of the fill layer during slow rotation of the chamber, obtained by the numerical discrete element method and the experimental radioactive particle tracking method, have been compared. The comparison of the results of the visual analysis and computation of the layer velocities using the discrete element method at slow rotation has been given in [23] . In [24] , the velocity fields of the shear layer obtained numerically using the discrete element method and by means of experimental flow patterns of the fill, have been investigated. The results of determining the velocity and thickness of the shear layer during slow rotation of the chamber by means of high-speed video recording and computational fluid dynamics algorithms has been given in [25] . Similar methods of experimental and numerical studies have been applied in [26] for a comparative estimation of the influence of the flow regimes and the shape of particles on the velocity profile of the shear layer.
Wide application of numerical and experimental methods, however, showed limited possibilities for studying the behavior of the granular fill of the rotating chamber. As a result, it seems appropriate to involve analytical methods that allow obtaining universal results with a high level of generalization. However, application of such methods is significantly complicated by the characteristic features of the problem under consideration. This is due to the flow geometry complexity, large deformation of the free boundary and mobility of the solid wall.
As a result, attempts to involve analytical methods for determining the granular flow were limited only to the problem of simulation of the gravitational flow along fixed straight-line guides.
An attempt to analytically determine the parameters of the gravitational flow of granular material on a fixed rough slope has been made in [27] . In [28] , the experimental-analytical method for determining the characteristics of the gravitational flow of granular material on a slope has been proposed.
The complexity of the dynamic behavior of the granular fill of the rotating chamber is complemented by the rheological aspect. In [29] , the complexity and practical importance of an adequate determination of rheological properties of the granular media were estimated for the case of solving the problem of determining the flow of the rotating chamber fill by the analytical method. It has been noted that the rheological characteristics of such media vary considerably depending on the type of flow.
However, insurmountable computational difficulties and low reliability of instrumental control limit the effectiveness of the known methods for determining the parameters of the shear flow of the active layer of the granular fill of the chamber. Therefore, the results of numerical calculations and experiments approach the real flow regimes of the investigated medium mainly at slow rotation and low filling of the chamber only in terms of qualitative characteristics and external features. In quantitative indices, they diverge essentially.
In view of the above, currently there are no generalized analytical models of the velocity characteristics of the shear layer, taking into account wide-range variations of geometric and rheological parameters of the system. The lack of such models is particularly characteristic of the case of considerable rotation velocity and filling degree of the chamber.
The aim and objectives of the study
The aim of the work is to create a mathematical model of the behavior of the shear layer of the granular fill near the free surface in the cross-section of the cylindrical chamber that stationarily rotates around a horizontal axis. This will enable to determine the dynamic parameters of the steady flow of the shear layer of the fill and predict the efficiency of implementing the stages of processing the granular medium in the rotating chamber.
To achieve this aim, the following objectives were set: -to perform an analytical simulation of the field stresses and velocities in the mass of the shear layer of the granular fill in the chamber cross-section;
-to determine the conditions of the steady gravitational flow of the shear layer in conditions of significant previous growth of its kinetic energy in the non-free-fall zone of the fill of the fast-rotating chamber;
-to determine the mean value and the distribution of shear velocities along the normal to the flow of the fill layer;
-to determine the influence of system parameters on the velocity distribution of the shear layer.
4.
Method of studying the strain-strain state of the shear layer of the chamber fill
1. General conceptual approach to the research methodology
It was considered that the extent of the inhomogeneities of the rotating chamber fill is much less than the distances at which the averaged parameters of the granular medium are significantly altered. The granular fill was considered as a continuous medium with parameters that are averaged by volume and continuously distributed in space. The mathematical description of the fill flow was carried out using such averaged variables. The method of calculating the stressstrain state of the fill was used. A plastic rheological model of the granular fill medium was adopted.
2. Applied methods for simulation of the behavior of the granular fill medium
Further numerical solution of the problem of determining the steady-state gravitational flow of the shear layer of the volume-averaged granular fill of the chamber is sought in a plastic formulation. The experimental data allowed taking a plastic rheological model as a special case of manifestation of viscoplastic properties of the rheologically complex fill.
The shear resistance at the point for one-dimensional flow of the fill consists of the resistance to internal friction and cohesion and is expressed by the dependence that occurs when the equilibrium is violated , τ = σ φ + n n tg k where σ n and τ n are normal and tangential pressure components, n is the normal to the sliding surface, φ is the angle of internal friction of the granular medium, k is the cohesion coefficient of the medium.
To determine the flow of the shear layer under a strict approach, it is possible to use the system of equations (1)- (5) of the two-dimensional state of the flowing granular medium [30] ,
where σ x , σ y and τ xy =τ yx are the components of the stress tensor; V x and V y are two projections of the velocity vector; F x and F y are the projections of mass forces; x and y are the coordinates; γ is the volumetric specific weight of the medium; g is the gravitational acceleration.
The first two equations of the system (1)-(5) are the flow equations of the medium. The third equation is the condition of the limit equilibrium. The fourth one represents the continuity condition of the medium. The fifth equation expresses the condition of coincidence of the direction of the maximum shear strain rate with one of the families of slip lines (active family).
Results of flow simulation of the shear layer of the chamber fill
The pattern of the three-phase steady flow regime of the granular fill in the cross-section of the cylindrical chamber that stationarily rotates around a horizontal axis with an angular velocity ω can be divided into three zones (Fig. 1) . Zone 1 (ЕАВЕ) of quasi-solid-state flow, without the relative displacement of the fill particles and slipping on the chamber surface, occurs near the cylindrical chamber wall. Zone 2 (ВАСВ) of non-free fall, associated with separation from zone 1 when sheared along the AB surface and subsequent fall with the interaction of particles, is realized in the upper part of the chamber. Zone 3 (BCDEB) of the shear layer, in the form of a fast, gravitational shear flow, occurs near the free surface of the fill in the lower part of the chamber.
The rotation velocity of the chamber significantly affects the implementation of the fill flow zones. At slow rotation, the quasi-solid-state zone 1 prevails, the non-free-fall zone 2 is weakly pronounced and the shear layer zone 3 has a small thickness. As the rotation velocity increases, the mass fractions of zones 2 and 3 increase at the expense of zone 1. As the rotation velocity approaches the critical value, a part of zone 2 reaches the maximum, and a part of zone 3 tends to zero.
In a simplified formulation, it is possible to consider a steady, additionally accelerated, gravitational flow of the granular layer of thickness h without slipping along a fragment, with the length l, of a flat rough surface that is inclined to a horizontal by the angle α and shifted up at a constant rate (Fig. 2) . where W=g+a is the conditional total vertical acceleration of the layer, which determines its kinematic parameters; a is the conditional additional vertical inertial acceleration due to the growth of kinetic energy of the layer when falling with the interaction of particles after being thrown in the non-free-fall zone 2. It is possible to introduce new dimensionless parameters that are marked with dashes
Then the equations (1)- (5) take the form
The boundary conditions on the moving supporting surface of the layer, formed by a part of the fill in the quasi-solid-state flow, lie in the fact that there is no slipping of the layer relative to the surface, and the velocity vector is directed in parallel to it. Then
The boundary conditions on the free surface are the absence of cohesion between the particles of the medium -it is considered ideal granular material with k=0.
The shear layer is considered thin -l>>h. Then σ y >>σ x and σ x >>τ xy , and the system of equations (6)- (10) takes the form
2 .
The solution of (13) with respect to y V has the form 1 sin . cos
From the equation (12), taking into account (14) and (11), it is possible to obtain the expression for x V 2 cos 2 , 1 sin
where
From (15) we can determine the average flow velocity of the fill in the shear layer
The solution of (16) 
The expressions (15) and (17) in absolute values take the form 2 cos 2 sin , 1 sin 
The conditional acceleration W is an initially unknown value, which may vary along the layer depending on its geometric and kinematic parameters. To determine W, it is possible to transform (19) ( )
where 1 sin , 3 sin cos
The solution of (20) with respect to W has the form 3 3 ,
Based on the simplified calculation scheme (Fig. 2 ) of the layer flow along an inclined flat surface, it is possible to proceed to the refined scheme (Fig. 3) . The stabilized, previously additionally accelerated in the non-free-fall zone II, gravitational flow of the shear layer zone III along the supporting surface of the quasi-solid-state zone I of the granular fill of the cylindrical chamber of radius R, which rotates stationarily around the horizontal axis, is assumed. Fig. 3 . The refined calculation scheme of the stabilized, additionally accelerated in the non-free-fall zone, gravitational flow of the shear layer on the surface of the quasi-solid-state zone of the fill of the rotating chamber
To perform calculation of the desired velocity profile in a certain section of the shear layer of the fill using the refined scheme (Fig. 3) , the position of the origin point O' of the coordinates on the surface ВЕ is selected. The direction of the axes of these coordinates corresponds to the tangent and normal to the supporting surface of the layer. The position of the axes defines the value of the layer thickness h and the angle of inclination of its supporting surface to the horizontal α. Having determined the value of the conditional additional acceleration W from (21), it is possible to calculate the distribution of shear velocities by the normal to the direction of the shear layer flow using the expression (18) .
The value of the velocity of the point O' in (18)- (21) is determined by its radial coordinate . 
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The equations (18), (21) and (22) allow determining and analyzing the velocity distribution in the cross-section of the shear layer of the fill, depending on the variation of parameters of the system under consideration. The mathematical description of the distribution of shear velocities along the normal to the flow of the shear layer of the granular fill of the rotating chamber was performed according to the classical scheme using the volume-averaged quantities. The assumption was adopted as to the slowness of the flow of the cohesionless granular medium with the predominance of plastic forces over viscous inertial forces. This allowed obtaining the equations that approximately define the dependences of the velocity profile on a number of parameters of the system under consideration:
-geometric: the chamber radius R, the radial coordinate of the basis of the normal section of the shear layer , ′ o R the thickness of this layer h and the filling degree of the chamber κ;
-kinematic: the angular rotation velocity of the chamber ω; -rheological: the angle of internal friction of the fill φ and the angle of inclination of the supporting surface of the shear layer to the horizontal α.
The advantage of the proposed approach, in comparison with the traditional hypothesis [1] , is the possibility to determine such a velocity profile, depending on the values of the parameters R, ,
′ o R h, κ, ω, φ and α. However, the traditional model of the two-phase flow regime of the granular fill of the rotating chamber does not provide for the flow simulation of the shear layer.
The analysis of (18), (19) and (22) shows that with increasing values of the parameters ω, R, ′ o R and α and decreasing values of h and φ, the values of the average V xa and maximum V xmax increase, with y=h, the flow velocities of the shear layer of the fill increase. In addition, the values of V xa and V xmax increase with decreasing κ, due to the increase in The disadvantages of the developed algorithm of numerical calculation of the velocity profile include the need for a preliminary experimental determination of a number of geometric flow parameters. Such parameters are the radial coordinate of the basis of the chosen normal section of the shear layer ,
′ o R the thickness h and the angle of inclination of the layer in this section to the horizontal α. For this purpose, for example, a method of visual analysis of the flow patterns in the chamber cross-section can be applied. In addition, the distribution of shear velocities significantly depends on the choice of the position of the section of the fill layer.
In the future, it will be appropriate to calculate the flow patterns of the fill in the chamber section, taking into account the characteristics of the velocity profile of the shear layer determined in the work, as well as the characteristics of the boundary of destruction of the quasi-solid-state zone obtained in [31] . It also seems advisable to perform a comparative analysis of the flow patterns obtained by calculation and experimental methods in a wide variation range of system parameters. This will allow clarifying the mechanism of appearance of the three-phase flow regime of the granular fill of the rotating chamber.
Conclusions
1. The fields of stresses and velocities in the fill mass in the cross-section of the rotating chamber are formalized using the system of differential equations of the two-dimensional state of the flowing granular medium. The equation that approximates the velocity distribution in the cross-section of the shear layer, which is normal to the flow direction, depending on the rotation velocity, geometric and rheological parameters of the system are obtained.
2. The condition of the steady gravitational flow of the shear layer of the fill of the rotating chamber is obtained. It was revealed that such gravitational flow arises under the action of a conditional, additional to gravitational, vertical inertial acceleration, which is due to the previous growth of kinetic energy of the layer in the non-free-fall zone of the fill. The flow patterns of the shear layer of the granular fill in the cross-section of the cylindrical chamber rotating around the horizontal axis are determined.
3. It was found that the flow of the shear layer near the free fill surface is realized in the form of a gravitational flow without slipping along the supporting boundary surface of the quasi-solid-state fill zone that is shifted up. The mean value and the distribution of shear velocities along the normal to the flow direction of the layer in the variation range from the minimum velocity of the supporting surface of the quasi-solid-state zone that is shifted up to the maximum velocity of the free surface of the layer shifted downwards are determined.
4. It was found that the average value and velocity distribution in the normal cross-section of the shear layer depend on the camera radius R, the radial coordinate of the basis of the normal cross-section of the shear layer , ′ o R the layer thickness h, the filling degree κ and the angular rotation velocity of the chamber ω, the angle of internal friction of the fill φ and the angle of inclination of the shear layer to the horizontal α. It was revealed that with increasing values of the parameters ω, R, ′ o R and α and decreasing values of h, κ and φ, the average and maximum velocity of the shear layer of the fill increase.
